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proof of
the Area

Theorem

Read : Wald § 9.2

More refs -appgµg-
Poisson § 2 , 3
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Decompose metric
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So hap = projector : nd ( hap vp) = 0 etc
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The induced metric on £ is

hij = eine? gap
check :

dsY
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= gapdxtdxp
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Inverse :
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The extrinsic curvature is :
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Kij I e.ie ;D Bnp
↳ extended arbitrarily off E

or sometimes
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trace :

K = Ki ;=k! = In
'

hiiki; g✗PKap

Interpretation :

K - O É

k > 0?

Usually in GR we discuss intrinsic curvature
. Kap by

contrast is a property of the embedding [ →M ,
not

of the manifold E itself
.



Claim :

* = # IN
d- rn

É÷Ñ
= Fn dt

(sort of obvious from the picture ! )
Proof :

Choose coordinates locally
ds' = -di + hijltdyidyi
n = de

¥ rn = this E. hij

= izhii Lnhij

= K ✓



Extend nd off E along geodesics

This is a special example of a
"

geodesic congruence!
W mmmm

↳ hypersurface
orthogonal

( This is a special kind of congruence because it

was defined to be hypersurface - orthogonal . This sets

twist w✗p=o in Wald
. )
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Expansion
"

-0 = End = Is

=¥¥rn
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%p=%np,
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( for a hypersurface - orthogonal timelike geodesic congruence)

Focasingtm
Assume
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strong energy condition
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Assuming the

"

null
energy condition?

Tnunmn' 3 0 for forward -null n"

we get null focusing :
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da
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Area Theorem
__ur

Shoot null rays back from
PKI
,
take ✓→ o

w b g
h = null congruence

he

→

→ q

q

These generate the horizon
.

-0=9uh → 0 as a → a

do
- f O
da

⇒ G is monotonically decreasing to 0
⇒ -070

Along the horizon
,

* Area = :-, Irn

= frh -0

> 0 ✓



* The area theorem was stated by Penrose and

proved by Hawking .

* It assumed cosmic censorship . Otherwise
,

"

piece of It
"

could terminate on singularity and never hit It
.

Evaporation : ¥ Area < 0
mum

⇒ Hawking radiation violates NEC

¥ Tap ~
- fevap . rate)


